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STOCHASTIC COMPLETENESS AND VOLUME GROWTH
CHRISTIAN BA¨R AND G. PACELLI BESSA
Abstract. It has been suggested in 1999 that a certain volume growth con-
dition for geodesically complete Riemannian manifolds might imply that the
manifold is stochastically complete. This is motivated by a large class of ex-
amples and by a known analogous criterion for recurrence of Brownian motion.
We show that the suggested implication is not true in general. We also give
counter-examples to a converse implication.
1. Introduction
Let M be a geodesically complete connected Riemannian manifold. The Laplace-
Beltrami operator ∆ = div ◦ grad acting on C∞c (M), the space of smooth functions
with compact support, is symmetric with respect to the L2-scalar product. It is
well-known that ∆ is essentially self-adjoint in the Hilbert space L2(M), see e.g. [1,
Thm. 5.2.3]. We denote its unique extension again by ∆. By functional calculus
we can form et∆, a bounded self-adjoint operator on L2(M) for t ≥ 0. For any
u0 ∈ L
2(M) the function u(x, t) := (et∆u0)(x) solves the heat equation
∂u
∂t
= ∆u,
u(·, 0) = u0.
Elliptic regularity theory shows that et∆ is smoothing for t > 0. Hence there exists
p ∈ C∞((0,∞)×M ×M) such that
et∆v(x) =
∫
M
p(t, x, y) v(y) dy.
The function p is called the heat kernel of M . It has the following properties:
p(t, x, y) > 0,
∂p
∂t
= ∆xp,
p(t, x, y) = p(t, y, x),
p(t+ s, x, y) =
∫
M
p(t, x, z) p(s, z, y) dz,∫
M
p(t, x, y) dy ≤ 1.(1)
The heat kernel has the following stochastic interpretation. For x ∈M and U ⊂M
open,
∫
U p(t, x, y) dy is the probability that a random path emanating from x lies
in U at time t. Thus if we have strict inequality in (1), then there is a positive
probability that a random path will reach infinity in finite time t. This motivates
the following
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Definition 1.1. A geodesically complete connected Riemannian manifold is called
stochastically complete if
∫
M
p(t, x, y) dy = 1 for some (or equivalently all) t > 0
and x ∈M .
The concept of stochastic completeness can also be considered for geodesically in-
complete manifolds but we will not need this.
Various sufficient geometric criteria for stochastic completeness of geodesically com-
plete manifolds are known. Yau [8, Cor. 2] showed that if the Ricci curvature is
bounded from below, then M has no non-zero bounded eigenfunctions of ∆ for
eigenvalues λ ≫ 0. By [4, Thm. 6.2, Crit. 3] this shows that M is stochastically
complete.
Grigor’yan [4, Thm. 9.1] has a very nice criterion in terms of volume growth. For
any x ∈ M denote the closed ball of radius r > 0 about x by B(x, r). We write
V (x, r) := vol(B(x, r)) and S(x, r) := area(∂B(x, r)). Here vol denotes the n-
dimensional volume and area the (n − 1)-dimensional volume. Now Grigor’yan’s
criterion says that if
(2)
∫ ∞ r dr
logV (x, r)
= ∞
for some x ∈M , then M is stochastically complete. Note that this criterion can be
applied if V (x, r) ≤ exp(C · r2) for some C > 0 and all r ≥ r0.
There is a particularly simple class of spherically symmetric manifolds for which one
can study geometric properties of stochastically complete manifolds rather explic-
itly. They are sometimes called “model manifolds” in this context and they arise as
follows. Let f : [0,∞)→ R be a smooth function such that f(0) = 0, f ′(0) = 1, and
f(t) > 0 for t > 0. Then we call Rn equipped with the metric g = dr2+ f(r)2gSn−1
a model manifold. Here r = |x| is the distance from the origin o ∈ Rn and gSn−1 is
the standard metric of Sn−1. For example, Euclidean space and hyperbolic space
are model manifolds with f(r) = r and f(r) = sinh(r) respectively. It is not too
hard to show [4, Prop. 3.2] that a model manifold is stochastically complete if and
only if ∫ ∞ V (o, r)
S(o, r)
dr = ∞.
Example 1.2. Let α ∈ R and let f(r) = r(α−1)/(n−1) exp
(
rα
n−1
)
for r ≥ 1. Then
for r ≥ 1 we have S(o, r) = C1 · f(r)
n−1 = C1 · r
α−1 exp (rα) and V (o, r) =
C2 +
∫ r
1 S(o, ρ) dρ = C2 + C3 · exp (r
α). Hence∫ ∞
1
V (o, r)
S(o, r)
dr =
∫ ∞
1
C2 · exp(r
−α) + C3
C1 · rα−1
dr = ∞
if and only if α ≤ 2. This shows that Grigor’yan’s criterion (2) is quite sharp.
It should be noted that the much stronger condition∫ ∞ dr
S(o, r)
= ∞
is equivalent to Brownian motion on the model manifold being recurrent. Lyons and
Sullivan [5, Sec. 6] and Grigor’yan [2, 3] independently showed that for a general
geodesically complete manifold M the condition∫ ∞ dr
S(x, r)
= ∞
for some x ∈ M implies recurrence of Brownian motion on M . However, on non-
model manifolds this condition is not necessary for recurrence of the Brownian
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motion as can be shown by examples [4, Example 7.3]. Grigor’yan asked [4, Prob-
lem 9] if similarly on a general geodesically complete manifold M the condition
(3)
∫ ∞ V (x, r)
S(x, r)
dr = ∞.
for some x ∈ M is sufficient for stochastic completeness. Sometimes this is formu-
lated as a conjecture [7, Remark on p. 40]. The main result of the present paper is
the construction of counter-examples to this conjecture.
Theorem 1.3. In any dimension n ≥ 2 there exists a geodesically complete but
stochastically incomplete connected Riemannian manifold M such that for some
x ∈M the volume growth condition (3) holds.
Thus the analog to the result of Lyons, Sullivan, and Grigor’yan for stochastic
completeness does not hold.
2. The weak Omori-Yau maximum principle
As a useful tool we recall the weak Omori-Yau maximum principle. It says that for
each u ∈ C2(M) with u∗ := supM u <∞ there exists a sequence xk ∈M such that
(4) lim
k→∞
u(xk) = u
∗,
(5) lim sup
k→∞
∆u(xk) ≤ 0.
It is a theorem by Pigola, Rigoli and Setti [6],[7, Thm. 3.1] that the validity of
the weak Omori-Yau maximum principle is equivalent to M being stochastically
complete. In other words, a stochastically incomplete manifold is characterized by
the existence of a function u ∈ C2(M) with u∗ := supM u < ∞ such that for any
sequence xk ∈M satisfying (4) we have
(6) lim sup
k→∞
∆u(xk) > 0.
We will call such a function WOYMP-violating. It is clear from the definition that
if u is WOYMP-violating and v ∈ C2(M) coincides with u outside a compact subset
K ⊂M and v < u∗ on K, then v is WOYMP-violating as well.
Example 2.1. Let f(r) = r(α−1)/(n−1) exp
(
rα
n−1
)
for r ≥ 1 be as in Example 1.2
with α > 2. We know that the corresponding model manifold is stochastically
incomplete. To exhibit a WOYMP-violating function choose β > 0 such that
α− β > 2. Now let u be a smooth function on the model manifold depending on r
only such that u(r) = 1− r−β for r ≥ R1 and u < 1 everywhere. Then u
∗ = 1. On
a model manifold the Laplace operator takes the form
∆ =
∂2
∂r2
+ (n− 1)
f ′(r)
f(r)
∂
∂r
+
1
f(r)2
∆S
where ∆S is the Laplace-Beltrami operator on the standard sphere S
n−1. Hence
for r ≥ R1
∆u = u′′(r) + (n− 1)
f ′(r)
f(r)
u′(r) = β
(
α rα−β−2 + (α− β − 2) r−β−2
)
.
This goes to ∞ as r→∞. Since for any sequence rk such that u(rk)→ 1 we must
have rk →∞ we see that u is WOYMP-violating.
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3. Stochastic completeness and connected sums
Our examples will be constructed as connected sums. Hence we have first to exam-
ine to what extent stochastic completeness is preserved under this operation.
Lemma 3.1. Let M1 and M2 be geodesically complete Riemannian manifolds of
equal dimension. Let K ⊂ M1♯M2, K1 ⊂ M1, and K2 ⊂ M2 be compact subsets
such that M1♯M2 \K is isometric to the disjoint union of M1 \K1 and M2 \K2.
Then M1♯M2 is stochastically complete if and only if M1 and M2 are stochastically
complete.
M1 K1 M2K2
M1♯M2 K
Fig. 1
Proof. Suppose thatM1 is stochastically incomplete. Then there exists a WOYMP-
violating function u ∈ C2(M1). By adding a constant if necessary we can w.l.o.g.
assume that u∗ > 0. Let χ ∈ C∞(M1) be a function satisfying 0 ≤ χ ≤ 1 on M1,
χ ≡ 0 on K1 and χ ≡ 1 outside a compact set. Put v := χ · u. Then v ∈ C
2(M1)
coincides with u outside a compact set and v < u∗ on this compact set. Thus v is
WOYMP-violating as well. Since v vanishes on K1 we can extend it by zero and
regard it as a function on M1♯M2. Thus we have a WOYMP-violating function on
the connected sum which shows that M1♯M2 is stochastically incomplete.
Conversely, let M1♯M2 be stochastically incomplete. Let u ∈ C
2(M1♯M2) be a
WOYMP-violating function and assume again that 0 < u∗ < ∞. Let χ1 ∈
C∞(M1♯M2) be a function satisfying 0 ≤ χ1 ≤ 1 on all of M1♯M2, χ1 ≡ 0 on
K ∪M2 and χ1 ≡ 1 outside a compact subset of M1. Define χ2 similarly by inter-
changing the roles of M1 and M2. Put uj := χj · u. Then u = u1 + u2 outside a
compact subset of M1♯M2 and u1 + u2 < u
∗ everywhere. By similar reasoning as
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above u = u1 + u2 is WOYMP-violating, hence u1 or u2 is WOYMP-violating as
well. Since uj can be considered as a function on Mj we conclude that M1 or M2
must be stochastically incomplete. 
Remark 3.2. Another criterion for stochastic incompleteness which can be used for
an easy proof of Lemma 3.1 is that M is λ-massive [4, Thm. 6.2]. By [4, Prop. 6.1]
λ-massiveness of a subset of a Riemannian manifold is preserved by enlarging the
subset and also by subtracting a compact subset. Hence if M1 is stochastically
incomplete, then Ω1 = M1\K1 is λ-massive. ThusM = M1♯M2 = Ω1∪Ω2∪K ⊃ Ω1
is λ-massive and therefore stochastically incomplete. The converse implication is
proved similarly.
4. Construction of the counter-example
To construct the counter-examples and prove Theorem 1.3 we pick a geodesically
complete but stochastically incomplete Riemannian manifold M1. Specifically, we
may take a model manifold as in Example 1.2 with α > 2. To prepare for the
connected sum we fix a compact subset K1 ⊂ M1 with non-empty interior and
remove a small open ball from the interior of K1. We obtain a manifold M̂1 with
boundary diffeomorphic to Sn−1. After a deformation of the Riemannian metric
inside K1 we can assume that near the boundary the metric is of product form
dr2 +C21 · gSn−1 where the scaling factor C1 > 0 is chosen such that the (intrinsic)
diameter of the boundary is 1/8. Fix q1 ∈ ∂M̂1 and put
S1(r) := area(∂B
cM1(q1, r))
and
F (r) := max
ρ∈[0,r]
S1(ρ).
Then F is a monotonically increasing function. Next we choose a smooth function
V : [0,∞)→ R such that
• V (0) = 0
• S(r) := V ′(r) > 0 for all r ∈ [0,∞)
• V (k) ≥ F (k + 1) for all k = 1, 2, 3, . . .
• S is constant on all intervals [k + 18 , k +
3
4 ], k = 1, 2, 3, . . .
The model manifold with warping function f(r) := n−1
√
S(r)/ωn−1 has V (o, r) =
V (r) and S(o, r) = S(r). Deform f near 0 such that f(r) = C1 for r near 0 and∫ 1
0
f(r)n−1dr remains unchanged.
C1
f
1 2 3
Fig. 2
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Let M̂2 be the manifold [0,∞)×S
n−1 with the Riemannian metric dr2+f(r)2 ·gSn−1 .
Then M̂2 is a manifold with boundary diffeomeomorphic to S
n−1 such that the
diameter of ∂M̂2 is 1/8. Furthermore, for all r ≥ 1,
V (r) = vol({x ∈ M̂2 | d(x, ∂M̂2) ≤ r})
and
S(r) = area({x ∈ M̂2 | d(x, ∂M̂2) = r}) = area(∂{x ∈ M̂2 | d(x, ∂M̂2) ≤ r}).
Pick q2 ∈ ∂M̂2. Put V2(r) := vol(B
cM2(q2, r)) and S2(r) := area(∂B
cM2(q2, r)). By
the triangle inequality we have for all r ≥ 1
{x ∈ M̂2 | d(x, ∂M̂2) ≤ r − 1/8} ⊂ B
cM2(q2, r) ⊂ {x ∈ M̂2 | d(x, ∂M̂2) ≤ r}
and hence
V (r − 1/8) ≤ V2(r) ≤ V (r).
Now we glue M̂1 and M̂2 along the boundary such that q1 and q2 get identified to
one point q. This yields a smooth and geodesically complete Riemannian metric
on M =M1♯M2. Since M1 is stochastically incomplete, so is M by Lemma 3.1. It
remains to show that
(7)
∫ ∞
1
V (q, r)
S(q, r)
dr =
∫ ∞
1
V1(r) + V2(r)
S1(r) + S2(r)
dr = ∞.
For this purpose we estimate S1(r)+S2(r)V1(r)+V2(r) for r ∈ [k +
1
2 , k +
3
4 ], k ∈ N. Namely,
S1(r) + S2(r)
V1(r) + V2(r)
≤
S1(r) + S2(r)
V2(r)
≤
F (k + 1) + S2(r)
V2(r)
≤
F (k + 1)
V (r − 18 )
+
S2(r)
V2(r)
≤
F (k + 1)
V (k)
+
S2(r)
V2(r)
≤ 1 +
S2(r)
V2(r)
.
By the Cauchy-Schwarz inequality we find
1
16
=
(∫ k+ 3
4
k+ 1
2
1 dr
)2
≤
(∫ k+ 3
4
k+ 1
2
S1(r) + S2(r)
V1(r) + V2(r)
dr
)
·
(∫ k+ 3
4
k+ 1
2
V1(r) + V2(r)
S1(r) + S2(r)
dr
)
,
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hence
16
∫ k+ 3
4
k+ 1
2
V1(r) + V2(r)
S1(r) + S2(r)
dr ≥
(∫ k+ 3
4
k+ 1
2
S1(r) + S2(r)
V1(r) + V2(r)
dr
)−1
≥
(∫ k+ 3
4
k+ 1
2
(
1 +
S2(r)
V2(r)
)
dr
)−1
=
(
1
4
+
∫ k+ 3
4
k+ 1
2
(
d
dr
log(V2(r))
)
dr
)−1
=
(
1
4
+ log(V2(k + 3/4))− log(V2(k + 1/2))
)−1
≥
(
1
4
+ log(V (k + 3/4))− log(V (k + 1/2− 1/8))
)−1
=
(
1
4
+
∫ k+ 3
4
k+ 3
8
S(r)
V (r)
dr
)−1
.(8)
Since S = V ′ is constant on [k + 18 , k +
3
4 ] we have for r ∈ [k +
3
8 , k +
3
4 ] that
S(r) = S(k + 18 ) and V (r) ≥ S(k +
1
8 ) · (3/8− 1/8) = S(k +
1
8 )/4. Thus∫ k+ 3
4
k+ 3
8
S(r)
V (r)
dr ≤
1
4
·
(
3
4
−
3
8
)
=
3
32
.
Plugging this into (8) yields∫ k+ 3
4
k+ 1
2
V1(r) + V2(r)
S1(r) + S2(r)
dr ≥
2
11
.
Summation over k gives ∫ ∞
1
V1(r) + V2(r)
S1(r) + S2(r)
dr = ∞
as desired. This concludes the construction of the counter-example and the proof
of Theorem 1.3.
5. Concluding remarks
Remark 5.1. The examples constructed in the previous section have (at least) two
ends. One may ask whether or not one can find examples with only one topological
end.1 Indeed, this is possible.
One starts with an example M = M1♯M2 with two ends as constructed above.
Let u ∈ C2(M) be a WOYMP-violating function vanishing on the second end M̂2
and such that 0 < u∗ < ∞ as constructed in the proof of Lemma 3.1. Choose
a sequence of points xk ∈ M̂1 in the first end of M satisfying (4) and (6). Then
rk := d(q, xk) → ∞ as k → ∞. Now pick a monotonically increasing sequence of
numbers Rj > 0 such that Rj → ∞ as j → ∞ and rk 6= Rj for all k and j. We
choose εj > 0 so small that the intervals (Rj − εj , Rj + εj) are pairwise disjoint,
such that rk 6∈ (Rj − εj, Rj + εj) for all k and j and such that
(9)
∞∑
j=1
∫ Rj+εj
Rj−εj
V (q, r)
S(q, r)
dr < ∞.
1We thank B. Wilking for bringing up this question.
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The minimal geodesics from q to {x ∈ M̂1 | d(q, x) = Rj + εj} do not cover all of
B(q, Rj+εj)∩M̂1. The complement is a non-empty open “wedge” whose boundary
intersects {x ∈ M̂1 | d(q, x) = Rj + εj} at a point opposite to q on S
n−1.
b qb b
yj
{d(x, q) = Rj + εj}
M̂1
Fig. 3
Choose points yj ∈ M̂1 with d(q, yj) = Rj and δj ∈ (0, εj/2) so small that B(yj , δj)
is contained in this wedge. Moreover choose zj ∈ M̂2 with d(q, zj) = Rj .
We remove the balls B(yj , δj) and B(zj , δj) from M and glue in handles Hj dif-
feomorphic to Sn−1 × [0, 1]. We denote the resulting manifold by M˜ . The handles
connect the two ends of M outside each compact set so that M˜ has only one topo-
logical end.
We choose the metric on the handles Hj such that vol(Hj) = vol(B(yj , δj)) +
vol(B(zj , δj)), such that minimal geodesics through Hj joining two points on
∂B(yj , δj) (or two points on ∂B(zj , δj)) are no shorter than those through B(yj , δj)
(or B(zj , δj) resp.) and such that we obtain a smooth metric on M˜ . To see that
such metrics exist on Hj we first look at the case that B(yj , δj) and B(zj , δj) are
isometric to Euclidean balls. Then the metric can be chosen such that Hj is a
cylinder flattened near the two boundary components. The flattening ensures that
the metric extends smoothly to M˜ , the height of the cylinder can be chosen such
that the volume is right and the condition on the length of geodesics is also fulfilled.
b B(yj , δj)
b B(zj , δj)
b
b
b
b
Hj
Fig. 4
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This construction is robust under slight perturbations of the metrics. Hence, in
the general case of curved balls B(yj , δj) and B(zj , δj) we choose δj so small that
the balls are sufficiently close to Euclidean balls so that the same construction still
works.
With these choices we have
V˜ (q, r) = V (q, r) and S˜(q, r) = S(q, r)
for all r > 0 not lying in any of the intervals [Rj − εj , Rj + εj ]. Here V˜ and S˜
denote the volumes of the balls and of their boundaries in M˜ . Therefore, by (9),∫ ∞
0
V˜ (q, r)
S˜(q, r)
dr ≥
∫
(0,∞)\∪∞
j=1
[Rj−εj ,Rj+εj ]
V˜ (q, r)
S˜(q, r)
dr
=
∫
(0,∞)\∪∞
j=1
[Rj−εj ,Rj+εj ]
V (q, r)
S(q, r)
dr
=
∫ ∞
0
V (q, r)
S(q, r)
dr −
∞∑
j=1
∫ Rj+εj
Rj−εj
V (q, r)
S(q, r)
dr
= ∞.
In order to see that M˜ is stochastically incomplete, we construct a WOYMP-
violating function v˜ ∈ C2(M˜). We choose a cut-off function χ ∈ C∞(M) with
0 ≤ χ ≤ 1 everywhere, χ ≡ 1 outside the pairwise disjoint balls B(yj , εj/2), and
χj ≡ 0 on the smaller balls B(yj , δj). Put v := χ · u ∈ C
2(M). Since v ≤ u∗
everywhere and v = u on neighborhoods of the xk we see that v is WOYMP-
violating. We restrict v to M minus the δj-balls and extend it by zero over the
handles. This yields a WOYMP-violating function v˜ on M˜ .
Remark 5.2. Conversely, one may also ask if on a general geodesically complete
manifold M the condition
(10)
∫ ∞ V (x, r)
S(x, r)
dr < ∞
for some x ∈ M implies stochastic incompleteness. But this is false too as we will
demonstrate by a counter-example. We start the construction with a modification
of [4, Ex. 7.3]. Choose positive smooth functions S1, S2 : (0,∞) → R with the
following properties:
(P1) S1(r) = S2(r) = 2πr for 0 < r ≤ 1
(P2) S1(r) + S2(r) = 3r
2 exp(r3) for r ≥ 2
(P3) S1(r) = 1 for r ∈ [4k, 4k + 1], k ∈ N
(P4) S2(r) = 1 for r ∈ [4k + 2, 4k + 3], k ∈ N
Let M1 and M2 be the corresponding 2-dimensional model manifolds with warping
functions fj(r) = Sj(r)/2π. Then S1(r) = S(o, r) in M1 and similarly for M2.
Properties (P3) and (P4) imply ∫ ∞ dr
Sj(r)
= ∞,
hence Brownian motion is recurrent. In particular, M1 and M2 are stochastically
complete and, by Lemma 3.1, so is the connected sum M1♯M2.
Now let Vj(r) := V (o, r) in Mj , in other words, V
′
j = Sj and Vj(0) = 0. From (P2)
we conclude V1(r) + V2(r) = exp(r
3) + C for r ≥ 2. Thus∫ ∞ V1(r) + V2(r)
S1(r) + S2(r)
dr < ∞.
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To construct the metric on the connected sum M1♯M2 we observe that by Property
(P1) the unit disk about o in Mj is isometric to the unit disk in Euclidean R
2.
We choose a point pj at distance
1
2 from o and remove the interior of the disk
B(pj , 1/10) from Mj . We obtain a manifold M̂j with boundary diffeomorphic to
S1. We change the metric on B(pj , 2/10) such that it becomes a product metric
near the boundary, the volume of the unit disk B(o, 1) after removal of the small
disk and modification of the metric is the same as before, and that distances from
o to points in B(o, 1) \B(pj , 2/10) are not smaller after modification than they are
before.
b
o
∂B
fMj (o, 1)
∂BMj (o, 1)
b
pj
b
o
Fig. 5
Since the disk B(pj , 2/10) on which all modifications were performed is entirely
contained in a half-plane with boundary containing o, the distance spheres from o
inMj and in M˜j coincide on at least one hemi-sphere. Where they differ ∂B
fMj (o, r)
lies inside ∂BMj (o, r), r ≥ 1.
This implies V
fMj (o, r) ≤ Vj(r) and S
fMj (o, r) ≥ 12Sj(r) for all r ≥ 1. Gluing M˜1
and M˜2 along their boundary we obtain a metric on the connected sum M1♯M2
such that ∫ ∞
1
VM1♯M2(o, r)
SM1♯M2(o, r)
dr =
∫ ∞
1
V
fM1(o, r) + V
fM2(o, r)
SfM1(o, r) + SfM2(o, r)
dr
≤ 2
∫ ∞
1
V1(r) + V2(r)
S1(r) + S2(r)
dr < ∞.
Thus we have constructed a 2-dimensional stochastically complete connected mani-
fold such that (10) holds. In fact, the manifold has recurrent Brownian motion even.
An easy modification of this construction yields such examples also in dimensions
n ≥ 3.
References
[1] Davies, Edward Brian: Heat kernels and spectral theory. Cambridge University Press, Cam-
bridge 1989
[2] Grigor’yan, Alexander: Existence of the Green function on a manifold (Russian). Uspekhi
Mat. Nauk 38 (1983), 161–162. English translation: Russian Math. Surveys 38 (1983), 190–
191
[3] Grigor’yan, Alexander: The existence of positive fundamental solutions of the Laplace equation
on Riemannian manifolds (Russian). Matem. Sbornik 128 (1985), 354–363. English transla-
tion: Math. USSR Sb. 56 (1987), 349-358
[4] Grigor’yan, Alexander: Analytic and geometric background of recurrence and non-explosion of
the Brownian motion on Riemannian manifolds. Amer. Math. Soc. (N.S.) 36 (1999), 135–249
STOCHASTIC COMPLETENESS AND VOLUME GROWTH 11
[5] Lyons, Terry; Sullivan, Dennis: Function theory, random paths and covering spaces. J. Differ-
ential Geom. 19 (1984), 299–323
[6] Pigola, Stefano; Rigoli, Marco; Setti, Alberto G.: A remark on the maximum principle and
stochastic completeness. Proc. Amer. Math. Soc. 131 (2003), 1283–1288
[7] Pigola, Stefano; Rigoli, Marco; Setti, Alberto G.: Maximum principles on Riemannian man-
ifolds and applications. Memoirs of the Amer. Math. Soc. Vol. 174, Number 822 (2005)
[8] Yau, Shing Tung: Harmonic functions on complete Riemannian manifolds. Commun. Pure
Appl. Math. 28 (1975), 201–228
Universita¨t Potsdam, Inst. f. Mathematik, Am Neuen Palais 10, 14469 Potsdam, Germany
E-mail address: baer@math.uni-potsdam.de
UFC, Departamento de Matematica, Bloco 914, Campus do Pici, 60455-760 Fortaleza,
Ceara, Brazil
E-mail address: bessa@mat.ufc.br
